Equation (1) is closely related to the following Ivory's Theorem (see [1, 2, 3, 4, 6] ) in geometry:
For a family of confocal conies, let P, Q, R, S be the four vertices of a curviinear rectangle formed by any four members of this family arbitrarily chosen. Then PR=QS holds. Geometrically speaking, (1) is the above Ivory's property and the three solutions of (1) characterize the confocal conies.
If we put x=y=i (s+it) in (1) where s, t are real variables and put ^(z)=/(z)-/(0), then we have (2) |g(s+iOI = \g(*)-g(it)\, where g=g(z) is an entire function of z and s, t are real variables.
The following theorem was proved in [2] : 
where g=g(z), h=h(z) are unknown entire functions of z and x, y are complex variables.
In Section 2 we shall prove that (3) is a generalization of (2). It is obvious that (3) is also a generalization of the following functional equation (see [5] ) which is a generalization of sine functional equations :
where/=/(z) is an entire function of z and x, y are complex variables.
The following theorem was proved in [5] : The purpose of this paper is to solve (3), in Section 4, with the help of Theorem C, i.e., to prove the following theorem and moreover, to prove Theorems A and B, in Section 5, by using it.
THEOREM. The only systems of solutions of (3) are
where a, b, c, d, p are arbitrary complex constants.
Proof that (2) implies (3)
. Squaring both sides of (2) and using the formula |A| 2 =A! where X is an arbitrary complex number yields
If we put h(z)=g(z), then h=h(z) is an entire function of z. Furthermore, by (5) we have for all real s, t
By (6) and by the Identity Theorem we have for all complex x, y
Hence we conclude that (2) implies (3) with h(z)-g(z) which is an entire function of z.
3. Preliminary considerations. We split each of the functions g(z) and h(z) into an even and odd part:
We shall prove that g x (z) 9 h 0 (z) and g 0 (z), h x (z) and g x (z) 9 h x {z) and g 0 (z), h 0 (z) are four systems of solutions of (3), i.e., for all complex x, j,
We shall give a proof of (10) only, because (11), (12), (13) are similarly proved. By (7), (8) we have
gi(x+y)h 0 (x-y) = i(g(x+y)-g(-x-y))(h(x-y) + h(-x+y)) (14) = i(g( x +y)h(x-y)+g(x+y)h(-x+y) -g(-x-y)h(x-y)-g(-x-y)h(-x+y)).
Substituting (15), (16), (17), (18) into the right-hand side of (14) and rearranging the resulting expression yields
-
g(-yMKKx)+K-x))-m--y)+Kym
and so, (10). [October 4. Proof of the theorem. Putting y=-x in (3) yields
We may assume that g(z)?*0 and h(z)^àO. Puttingy=x in (3) and (19) and taking into account the facts that g(z)^0 and h(z)jàO yields
We discuss nine cases (Case A-Case I). Case A. Suppose that g is odd and h is odd. (Then we have g(z)=g!(z) and h{z)= h(z).)
Differentiating both sides of (3) with respect to y, putting y=0 and using (20)
Differentiating both sides of (3) with respect to y, putting y=x and using (20) and the oddness of h yields
Differentiating both sides of (3) with respect to y, putting y=-x, and using (20) and the oddness of g yields
By (21), (22), (23) we have (24) h'(0)g(2x)-g'(0)h(2x) = 2(h'(0)g(x)-g f (0)Hx)).

If we put (25) P(x) = h'(0)g(x)-g'(0)h(x),
then P(x) is an entire function of x and moreover, by (24), we have
By using the power series expansion of P(x) and by (26) we see that (27) P{x) = Kx, where K is a complex constant.
Differentiating both sides of (25) and putting x=0 yields P'(0) = 0, and so, by (27), we have K=0. Hence, by (25), (27) we have
By our assumption we have g(z)ja0 and h(z)^0. By (21), (28) the Wronskian
W(g, h)(z)-g(z)h'(z)-g f (z)h(z) is 0 in |z|< + oo. Hence we see that (29)
h(z) = Ag(z) holds in |z|< + oo, A being a non-zero complex constant.
Substituting (29) into (3), dividing both sides of the resulting equality by A(j^O)
and using the oddness of g yields
g(x+y)g(x-y)
= (g(*)-g(y))(g(*)+gO0). This equation is the so-called sine functional equation . Since g is odd, g(z) is a solution of (4). Selecting odd functions from the solutions of (4) (see Theorem C) and using (29) yields
where a, c(=Aa), p are non-zero complex constants.
Case B. Suppose that g is even and h is even. (Then we have g(z)=g 0 (z) and h(z)=h 0 (z).)
Since g, h are even by our assumption, we have
Differentiating both sides of (3) with respect to y, putting y=0 and using (32) yields
By our assumption we have g(z)^0 and /z(z)^0. By (33) the Wronskian
W(g, h)(z)=g(z)h'(z)-g'(z)h(z) is 0 in |z|< + oo. Hence we see that (34) h(z) = Bg(z)
holds in |z|< + oo, B being a non-zero complex constant. Substituting (34) into (3), dividing both sides of the resulting equality by i?(^0) and using the evenness of g yields
Since g is even, g(z) is a solution of (4). Selecting even functions from the solutions of (4) and using (34) yields Since g is odd and h is even by our assumption, we have (37) g"(0) = 0, *'(0) = 0. [October Differentiating both sides of (3) with respect to y, putting y=0 and using (20), (37) yields
Differentiating both sides of (3) twice with respect to j, putting j=0 and using (20), (37) yields
Differentiating both sides of (3) twice with respect to y, putting y=x and using (20), (37) and the evenness of h(h' odd) yields
Differentiating both sides of (3) with respect to y, putting j= -x and using (20) and the oddness of g yields
Differentiating both sides of (38) yields
Subtracting (39) from (42) side by side yields
Differentiating both sides of (41) yields
Substituting (44) into (43) yields
By (40), (45) we have
If we put
is an entire function of x and moreover, by (46), we have (48) 2Q(2x) = <2(x).
By using the power series expansion of Q(x) and by (48) we see that for all complex x Q(x) = 0.
Hence, by (47) we have for all complex x 
is 0 in \z\ < + oo. Hence we see that
holds in \z\ < + oo, C being a non-zero complex constant. Substituting (50) into (38) and using C^O yields
Since h(x)^àO by our assumption, there exist a circular neighbourhood N and a regular function k(x) in N such that Since g\(z)(&G) is odd and h 0 (z)(ja0) is even and (10) holds for all complex
